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' Abstract 

^ . We derive the low-energy effective theory of gravity for a generalized Randall- 

\ Sundrum scenario, allowing for a third self-gravitating brane to live in the 5D bulk 
spacetime. At zero order the 5D spacetime is composed of two slices of anti-de Sitter 

^ . spacetime, each with a different curvature scale, and the 5D Weyl tensor vanishes. 

\ Two boundary branes are at the fixed points of the orbifold whereas the third brane 

' is free to move in the bulk. At first order, the third brane breaks the otherwise 

Q^ ■ continuous evolution of the projection of the Weyl tensor normal to the branes. We 

^ ! derive a junction condition for the projected Weyl tensor across the bulk brane, and 

I combining this constraint with the junction condition for the extrinsic curvature tensor, 

■ allows us to derive the first-order field equations on the middle brane. The effective 

, theory is a generalized Brans-Dicke theory with two scalar fields. This is conformally 
equivalent to Einstein gravity and two scalar fields, minimally coupled to the geometry, 

^ ' but nonminimally coupled to matter on the three branes. 

X ■ 1 Introduction 



The possibility that our Universe might be a (3+l)-dimensional membrane (brane) embedded 
in some higher (4 + n)-dimensional spacetime (bulk), as suggested by M-theory [1], has been 
extensively studied over recent years. In brane models, although gravity can propagate in 
the whole bulk, other matter fields are localized on the brane. In particular, Randall and 
Sundrum [21 [3] proposed a brane-world model in which we live on a 4D brane embedded in 
a 5D anti-de Sitter (AdS) spacetime. In [2] two branes are placed at the fixed points {y = 
and y = yo) of an orbifold S^/Z2, where we identify y ^ —y and y — yo ^ Ho — and y 
is the extra-coordinate. The bulk AdS spacetime can be then thought of as being bounded 
by the two 4D branes. The induced metrics on the branes can be fiat (Minkowski) if a fine 
tuning condition is imposed on the vacuum energies or tensions of the branes: 



6 1 , , 

^0 = -(Ty, = -^j. (1.1, 



where ctq and are the tensions on the hidden brane at ?/ = at on the visible brane at 
y = yo, Kg is the {5D) gravitational coupling and i is the AdS curvature scale. 
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Assuming the bulk metric obeys the 5D vacuum Einstein equations, then the projected 
gravitational field equations on the brane are modified with respect to general relativity [1]. 
Two additional terms appear with respect to general relativity: a local term, quadratic in 
the energy-momentum tensor on the brane, and a non-local term, which is a projection of 
the Weyl tensor, namely Eaf^. 

The contribution to the AD effective theory of -Ea/j, which describes the contribution of 
the bulk gravitational field on the brane and infiuences the brane cosmological evolution, is 
of crucial importance [S] . Although the quadratic source term becomes relevant only at high 
energies, the projected Weyl tensor may remain non-negligible in the low-energy regime, 
where one would hope to recover general relativity. 

The projected Weyl tensor generally has non-closed equations on the brane |H |5] and in 
general one should solve the full bulk gravitational field equations. However it is possible to 
derive a scheme which allows one to self-consistently solve the bD Einstein equations in the 
low-energy regime, and carefully construct the projected Weyl tensor on the brane. 

A low-energy perturbation scheme was proposed in [6] for the Randall- Sundrum (RS) two 
brane scenario [2]. (See also [7].) The low-energy regime is defined as the regime in which 
the matter energy density on the brane is much smaller than the RS brane tension fll.ip . 
The perturbation parameter is defined as the ratio between these two energy densities, and 
the bD Einstein equations can be solved at different orders in the perturbation parameter. 
This method allows one in principle to derive the effective Einstein equations on the brane 
at each order, although of particular interest is the first order correction, which is the most 
relevant at low energies. 

In the original derivation by Kanno and Soda [B], the full equations of motion were 
solved at each order in the bulk by performing a perturbation expansion in the metric. In the 
alternative derivation by Shiromizu and Koyama [8] , the expansion was rather done directly 
in terms of the extrinsic curvature and the projected Weyl tensor, whose equations of motion 
can then be solved in the bulk at each order. Crucially, the use of the junction conditions 
enables one to express the Weyl tensor as a function of the matter content of the branes and 
the physical distance between the branes, interpreted as the radion field. This finally allows 
for the derivation of the effective Einstein equations induced on the brane at low energy. 
On both branes, at first order, the final effective theory is called by the authors of [6l [8] 
a quasi-scalar-tensor gravity theory, where the Brans-Dicke field couples through different 
gravitational coupling constants with matter on each brane. 

The low-energy effective actions on the negative and positive brane respectively are [SI E] 





where u;_($) 



3$[2($ + and 
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where uj+i^^) = 3\E'[2(1 — \E')]~^, and C- and are the Lagrange densities for matter fields 
on the branes. 

The theories, as expected for Brans-Dicke theories, are conformally equivalent to Einstein 
gravity plus a minimally-coupled scalar field, described by 

Sef = ^ ! d'^x^glk-iyxf 

IK^ J L J 

d^x^^ sinh^ (x/Ve) £_ + cosh^ (x/Vo) (1-4) 

where the conformal factors VL^ (negative brane) and VL^ (positive brane) are 

fi2 = = ^ (1.5) 

sinh (x/v6) cosh (x/v6) 

and v/(l + $) = coth (x/Vg) and - ^) = tanh (x/v^) , where ^ < 1 [101 [IH [12] . 

There are many additional complications to take into account if one wishes to relate 
simple brane-world models to realistic configurations in the context of superstring and M- 
theory. In any of brane-world models it is important to derive the low-energy effective theory 
on the 4:D branes. In this paper we consider just the effect of adding an additional brane 
in the bulk. We will focus on a generalization of [5] to a three brane scenario. The work 
presented in the paper was originally presented in [12]. Since then a number of other authors 
[T3| [HI [15] have investigated the low-energy effective theory corresponding to three branes 
in an AdS bulk, in particular considering the effective potential for D-branes in warped fiux 
compactifications [I3] and a simple geometrical model for brane infiation [H]. A generalized 
Randall-Sundrum scenario with three branes was also previously studied in [TOl [16], and 
multi-brane collisions were considered in [T7] . 

The plan of the paper is the following. In the second section we derive the low-energy 
effective theory in a generalized Randall- Sundrum two-branes scenario, allowing for a third 
brane to live in the bulk. In section (12.11) we discuss the preliminaries, adapting the covariant 
formalism of [5] to a three brane model. In section (12. 2p we discuss the background solution 
and (12. 3p we derive the effective Einstein equations at first order on the third brane. The 
effective theory turns out to be a Brans-Dicke theory, with two independent scalar fields, 
one minimally coupled with the geometry. Finally in section (12. 4p we show that a conformal 
transformation relates the effective theory on the third brane to Einstein gravity plus two 
minimally coupled scalar fields. In the third and final section we draw our conclusions. 



2 First order effective theory at the third brane 

In this section we derive the low-energy effective theory at first order in a three brane 
scenario, using the perturbative scheme introduced in Ref. p]- We choose to follow the 
covariant approach as in Ref. [S]. 

2.1 Preliminaries 

We consider an extension of the Randall-Sundrum two brane model [2]. The three branes 
are separated by slices of AdS bulk, each characterized by a different curvature scale, as is 
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Figure 1: The branes are separated by slices of AdS 5D spaces, each with a different curvature 
scale, i. The sign + and — are placed either side of the third brane to show our convention 
for the orientation of the normal vector field. The induced metrics, g^;^, on the three branes 
are conformally rescaled by the geometrical warp factor. 

schematically shown in figure [H Brane I and II are still at the fixed points of the S1/Z2 
orbifold, and therefore they respect a Z2 symmetry, wheareas Brane III is not at a fixed 
point of the orbifold. Two natural scalar degrees of freedom characterize this scenario: one 
associated with the overall distance between the two boundary branes, one associated with 
the relative position of the third bulk brane. 
The Randall- Sundrum metric [2] reads 

ds^ = e^^^y'^^'^dy^ + Qo^piy, x)dx''dx'^ , (2.6) 

where qajs is the metric induced on the brane. The normal vector field is chosen to have 
the same orientation throughout the bulk, so that locally, at each brane, it is pointing in the 
same direction and g^/? = Qap ~ ^anf3 if q^^ is the 5D metric. The proper distances between 
the branes are defined via 

ry ryo 
d,{x) = / e'^^y'^'^^dy', d2{x) = / e'^(^''")c/?/'. (2.7) 

Jo Jy 

Our objective is to derive at first order the effective Einstein equations on the third (i.e. 
middle) brane: this will be enough to determine the effective Einstein equations on the other 
two branes, as they are related to the Einstein equations on the third brane by an appropriate 
conformal transformation, given the specific form of the metric fl2.6p which in turn implies 
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that the background metrics on the three branes can be conformally transformed into each 
other. 

In the perturbative scheme introduced in Ref. [6], the low-energy regime is defined as the 
regime in which the energy densities on the branes are neghgible with respect to the brane 
tension, 

p, < |(Ti|, (2.8) 

or, taking into account (11.11) and 87rG(4) = where G(4) is the effective AD Newton's 

constant [1], 

2 

< 1 (2.9) 



where I is the bulk curvature scale in the AdS slice and L is the brane curvature scale. There- 
fore the background solution is the vacuum spacetime, and perturbations are introduced as 
matter is added on the branes. The parameter of expansion is given by [B] 

2 



(2,10) 

and, accordingly, expansions of the extrinsic curvature 

i^f = ^q^'^CnQaa = ^q^^e-^Qaa , (2.11) 

and the projected 5D Weyl tensor, 

E^a = C%^n^n^ (2.12) 

around the vacuum solutions can be considered as follows [8] 

i^f = K^J^)+eK^J'^+e'K^J'^ + ... (2.13) 
= eEf«+62Ef(2) + ... (2.14) 

where Ea^^^ = for the Randall- Sundrum brane-world. With the expansions f l2.13p and 
fl2.14p . the evolution equations for and can be solved at different orders, and sub- 
sequentlty, so can the induced Einstein equations on the brane [6] [8]. In particular the 
evolution equations in the bulk for and E^ are given by the Lie derivatives along n", as 
these describe the changes of both the tensors along the integral curves of the normal vector 
field n°. 

At zero order for three branes, i.e. for the background solution, the equations are no 
more complicated than in the two brane case. The bulk solution between each pair of branes 
corresponds to a region of anti-de Sitter, with curvature scales ii > £2, and the Weyl tensor 
vanishes at this order. In each region the extrinsic curvature tensor is constant but has two 
different values in the two different slices of AdS spaces (giving rise to a constraint on the 
tension of the bulk brane). 

At first order, some further steps are required, the reason being mainly that the third 
brane breaks the otherwise continuous evolution of the Weyl tensor in the bulk. Briefly, the 
plan for deriving the first-order effective theory is the following 
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• Junction conditions 

Write the junction conditions for each of the three branes. In particular the third 
brane {y = y) is not at a fixed point of the orbifold so that we have to include the 
jump suffered by the extrinsic curvature tensor at the passage through brane III. 

• Evolution equations 

Write the evolution equations at first order (i.e. the Lie derivatives at first order) 
for and which are the same as in the two brane scenario. However the first- 
order solutions to these equations now hold only separately in the two AdS regions of 
spacetime, so special attention is required at brane III where in general the solutions 
are discontinuous. In particular, from the Lie derivative of K^{y), we write the junction 
condition at the third middle brane as a function of the source terms, the tensor E^ 
at both sides of brane III (+ and — as sketched in figure [1]) and the kinetic terms 
associated with the proper distances di and d2 (12.71) . 

• Consistency of Einstein equations on brane III 

Impose the requirement of consistency of the induced Einstein equations on the third 
brane. This leads to a junction condition for E^ at this brane. 

• Weyl tensor 

Obtain a system of two independent equations in the two unknowns E^{y)~^ and 
E^{y)~ , from the previous steps. The system is then solved for E^{y)^ (analogously 
it could be solved for E^{y)~). We then obtain the Weyl tensor on one side of brane 
III as a function of the sources and the kinetic terms associated with both di and d2 



enables us to obtain the Einstein equations on brane III. 

We show that the effective gravity theory obtained at first-order is a generalized Brans-Dicke 
theory with two scalar fields. 

2.2 Junction conditions and background solution 

If the direction of the normal vector field to a brane is chosen to be the same throughout 
the bulk, the junction conditions read 



(EZD- 



• Einstein equations 

Finally, substituting the expressions for K^{y)^ and E^{y) 



in equation [S] 




(2.15) 



• brane I 



(2.16) 



• brane III 



_ \y 



(2.17) 
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brane II 



{K'a - €K) 1,0 = y {-^yo€ + (2.18) 



where the factor 1/2 appears on the right- hand- side of Eqs. fl2.16p and fl2.18p because we 
have Z2-symmetry at the boundary branes. We therefore assume the tension on brane I to 
be positive ((Tq > 0) and the tension on brane II to be negative ((Tyg < 0). 

At the lowest order, matter is neglected and as in the two branes case the only equation 
to solve is the equation for K^, as is taken to be zero at this order. In the bulk and at 
this order, the Lie derivative for reads [8] 

CnK^^'^ = e-%K^^ = - Wi^;? (2.19) 
In each AdS slice equation fl2.19p has solution [S] 

K^^'^ = -\€. (2.20) 

where £ is now either ii or ^2 depending on which AdS slice is under consideration. Moreover, 
from the definition of the extrinsic curvature fl2.1ip . in each AdS region the metric at zero 
order reads [8] 

qtl{y,x)=e-'''^y^^^/'Kp{x) (2.21) 

where ^ 

d= I e'^^y'^'^^dy' (2.22) 



is the proper distance between any fixed point on the extra-coordinate axis, and y, both 
points being in the same AdS region, and hapix) is a tensor field which does not depend on 
the extra coordinate y (but will in general depend on the coordinates on some hypersurface 
orthogonal to the extra-coordinate, and in particular on the coordinates on the branes). 

In our generalised Randall- Sundrum type scenario equations fl2.20p . fl2.16p and (12.180 
imply 

[ -f^vo^a y<y<yo 

Furthermore for the background solution we can write 

K - €K] : \y = K - ^'cK] ! I,, - K - 6^^K] : lo (2.24) 

and we then conclude, using solution f l2.23p . that there exits a fine tuning condition con- 
straining the tension on brane III, namely [18] 



ao + ay, + 2ay = 0. (2.25) 

Finally, again from solution f l2.20p . the condition fl2.25p can be expressed in terms of the 
AdS curvature scales ii 2 as 

3 (£, - £,) 

where for simplicity we will assume (Xj^ > and hence £1 > £2- 
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2.3 First-order effective theory 

At first order and in the bulk, the Lie derivatives for the Weyl tensor and the extrinsic 
curvature read [8] 

^n^S = ^^'j (2.27) 
= -(D,D/^0 + Z}„0Z}^0) + ^i^f « (2.28) 

where is the covariant derivative with respect to the induced metric Qnuiy)- These first- 
order evolution equations have solutions in each AdS slice [8] 

E^J'\y,x)=e''/'E^J'\y,x) (2.29) 

where the zero-order induced metric ( ]2.2ip has been used to raise the indices, and [8] 



i^f « {y,x) = '^/^i^f (^) {y,x)-'-[l- e"^ « (y, x) 



(2.30) 



where again d is the proper distance (12.221) between a generic point y on the extra-coordinate 
axis and y. 

In the following we drop the first-order superscripts, assuming that all the quantities are 
evaluated at first order. 
We define 

Kf|,^i^f(y,x)-5fir(y,x). (2.31) 
From equation (12.301) . and integrating from brane I to brane III, we have 

- {D^Df' - 5iD^) + i {o^d^D^d, + ]^5i{Dd,f^ (2.32) 

where we have used equation (12.161) . On the other side of brane III, but integrating back 
from brane II, we have 

KX = e-^^/^^(|Tf|,,)-|(l-e^'^^/^^)Ef|t 

+ {D^D" - 5lD^) d2 + (^D^d2D^d2 + Ui{Dd2f^ (2.33) 

where this time we have used equation (I2.18p . Note that in Eqs. (I2.32p and (12.331) D° is the 
covariant derivative induced on brane III. 

Due to the junction conditions for on the two sides of brane III, E^ does not evolve 
continuously from brane I to brane II, unlike the two brane scenario where (I2.29P can be 
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applied everywhere in the bulk. In fact, continuity of the induced metric implies that the 
induced Einstein tensor should also be continuous 



(2.34) 



At first order Eq. (12.151) thus gives a junction condition for the projected Weyl tensor across 
the bulk brane 

E^Jt - Ei\-, = -fRX + fm-y (2.35) 

In order to obtain an explicit expression for E^\y on either side of brane III, we extract 
from equations (I2.17p . (I2.32p . (I2.33P and (12.350 a set of two independent equations for the 
unknowns -E'f |^ and -Ef |^, which can then be solved. From (12.170 . (I2.32p and (12.330 we 
obtain a first equation for -Efl^ and -Ef 



where 



A 
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DJ^Df'd^ + -S^iDd.Y 



(2.36) 



(1 - e^''^/'^) 



(2.37) 



The second independent equation for E^\^ and E^\- is directly obtained from (12.350 and 
equations (I232D . fl2:33|l 



[l-e''^l'^)Ei\l 



- (1 



-2d 



i/^i) 



a \y 



(2.38) 



Equations (I2.36P and (12.380 can be solved, for instance, for E^\^ [12], and the unique 
induced Einstein equation on the bulk brane are then derived, using the obtained expression 
for E^\^ in equation (I2.15p . After some rearrangements, we finally obtain 



yo 



1 p-2d2/i2 



+ 



<-3 
g2di/l 



'1*^3 

-2d2/l2 



Do^diD^di + -5^D^di 
D^d2D^d2 + \5'lD^d2 



(2.39) 



where £3 is defined as follows 



?3 = |(e^^^/^^ 



l) + ^(l-e-^^/ 



he' 



'^/'^ sinh (^^^ + l,e-'-l'- sinh (^^^ . (2.40) 



We now show explicitly that the effective theory at first order is indeed a generalised 
Brans-Dicke theory with two independent scalar fields. We may define a first dimensionless 
scalar field $ to be 

= £3 (2.41) 

where i is an arbitrary unit of length and £3 is given in fl2.40p . so that the kinetic terms for 
di and d2 in (12.391) can be rewritten as 



where 



C 



DadiDf^di - ^S^D^di 



+ 



D^d2D^d2 - \€D^d2 



(2.42) 



(2.43) 



We can define a second scalar field, \E', which will have only first order derivatives ap- 
pearing in Eq. fl2.39p and should be as well a function of the two proper distances di and d2 
(12. 7p . In general we can write 

= \I/(m) 



where u = u{di,d2) and hence 

£Dc,'^{u{di,d2)) = ^iD^di + ^2^a4 



(2.44) 



where = ^^'^ if \E'' = Our objective is to be able to write C defined in equation 
(EaSD as 



C 



$2 



(2.45) 



Considering that in C there are no mixed terms DadiD^d2 or Dad2D^di, we get a first 
contraint on r($) and which reads 



where $i = i{d^/ddi) and \E'j are defined as before. 



(2.46) 
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A second constraint comes directly from the form of equation (12.451) 
Comparing the ratio of the coefficients in equations (12.431) and (I2.47P then imphes 



e-4d2/^2 _ r^2 



-ligSdi/^l +2^2/^2 



(2.47) 



(2.48) 



Using (I2.46P to ehminate F in (I2.48p . we obtain 



^1 



1 _ ( ^ ) g-2di/£i-2d2/^2 
^2 



The solutions of (I2.49P are 

*9 



,2di/^l+2d2/^2. 



^1 



^2 ^x 



(2.49) 



(2.50) 



The first solution corresponds to the limit in which $ = \1/ and both coefficients on 
the right hand side of (I2.47P vanish. Choosing the second solution of (12.490 and using the 



defintion of we obtain 



dx d2 



« = ^ + ^^ (2,51) 

From the first constraint (I2.46P and using = \l/'£(£j)~^ we obtain a differential equation 
for '^iu) which reads 



(2.52) 



where we have used ( ]2.4ip . 

In order for ^! to be only a function of m, and not of $, as the scalar fields should be 
independent, we require that in equation (I2.52p 



2 2 



Equation (I2.52p then becomes 

and integrating we obtain 

\I^(n) = In 

so that 



Z - 1 



^ie2« - £2 



where z 



-2 



coth 



(2.53) 



(2.54) 



(2.55) 



(2.56) 



11 



Imposing now (12.451) . from both (12.461) and (I2.48p . we obtain 



cj($) 



3 / 



(2.57) 



^£$+(1-1) 



Finally, the Einstein equations on brane III (I2.39P can be written as 



y 



+ 



+ 




(2.58) 



where the scalar fields \1/ and \1/ are defined as in Eqs. (I2.4ip and (I2.55p . and r($) and uj{^) 
are defined in Eqs. (12.531) and (I2.57p . 

We can conclude from (12.581) that at low energy the effective theory on brane III is a 
generalized Brans-Dicke theory with two scalar fields, namely \1/ and $. This conclusion is a 
generalization of the result obtained in |6] and [8j for a two brane system. Note that although 
we find the Brans-Dicke parameter on the bulk brane, w{^), is negative, it is greater than 
—3/2 and thus there is no instability. This is most clearly seen when one writes the effective 
action in terms of scalar fields minimally coupled to the scalar curvature, i.e., in the Einstein 
frame. Also u;($)r($) is negative and thus the kinetic terms for the second field \1/ are also 
are of the correct sign and again there is no instability. 

2.4 The Einstein frame 

In this last subsection, we show that the theory is, as expected for Brans-Dicke theories, 
conformally equivalent to Einstein gravity with two scalar fields minimally coupled with 
respect to the metric. 

The effective action which yields the field equations (12.580 . when written in terms of the 
induced metric on brane III, reads 



Sy 




(2.59) 



where 





(2.60) 
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Performing a conformal transformation gap = Q'^Qa/B, the effective action on brane III (12.591) 
becomes 



Sy 



1 



d xJ—g 



-cu($) 



V 



+ ^y"rf^Xv^$-M£^ + J-o($,v[/)/:(0)+J-,„($,v&)/:(yo)] (2.61) 



where we chose 

^ n-"^ = kI {£kI)~^ (2.62) 

and the Ricci scalar is now the Ricci scalar with respect to the conformally transformed 
metric. The constant K4 is an arbitrary constant which is related to the effective 4D Newton's 
constant (7(4) via 87rG(4) = ^4. 

Defining 7 = 2i{ii — £2)"^ (which, given our choice ii > £2, is a positive constant) and 
taking into account (12.531) (12.571) . action (12.611) becomes 



Sy 



— K / d x\/—g 



2k 



2 



r($) V* 



+ 



4 



(7$ + 1) I $ 



where f($) = (7$ + 1) (7$)"^- We now define 



(2.63) 



7$ + 1 



V<l> 



(2.64) 



from which we get, as in the two brane case. 



coth (-|) = V^$TI. 



(2.65) 



Finally given (12.651) we have 
1 



Sy 



2kI 



d x\/ —g 



R- [Vt] 



j d^x\f^-g sinh^ {^^^j^Ly 



d X\/ —g 2 cosh 



cosh^ (I) , , sinh^ (I) , , 



(2.66) 
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3 Conclusions and Discussions 



In this paper we derived the low-energy effective theory for a generahzed Randall-Sundrum 
scenario, with three AD branes embedded in a 5D AdS bulk. Two of the branes are located at 
the fixed points of the orbifold, but the third brane can be located anywhere in between. By 
construction, the metrics on the three branes are all connected by an appropriate conformal 
transformation. It is therefore enough to derive the AD effective Einstein equations on the 
third brane, as the effective theory on the other branes can then be obtained performing a 
conformal transformation. 

We followed the covariant approach adopted in Ref. [8] to derive the low-energy effective 
theory for a two brane Randall-Sundrum system. We considered an expansion of the extrinsic 
curvature and of the projected Weyl tensor, where the expansion parameter is the ratio of 
the energy density on the brane to the vacuum energy density as in Refs. |6l |8]. In each 
separate region of the AdS bulk, the evolution equations for the extrinsic curvature tensor 
and for the projected Weyl tensor are, at each order, the same as in the two brane scenario 
and solutions to the first-order equations can be found separately in each AdS slice. 

The presence of the third brane obliges the evolution of the projected Weyl tensor to be 
discontinous. From the requirement of consistency of the Einstein equations and from the 
junction conditions for the extrinsic curvature tensor at the third brane we obtain a junction 
condition for the projected Weyl tensor in terms of the extrinsic curvatures on both sides 
of the branes and the sources on both branes. Once an expression for the Weyl tensor as a 
function of the sources on the branes was obtained, we have finally derived the first order 
4D effective Einstein equations on the third brane. The resulting theory is a generalized 
Brans-Dicke theory with two independent scalar fields. The appearance of two independent 
scalar fields is not surprising as the three brane scenario is characterized by two natural 
scalar degrees of freedom: the overall size of the orbifold and the position of the third brane. 
A non-minimal coupling of the fields is found with respect to matter on the other two branes. 
We have then showed that the effective theory is conformally equivalent to Einstein gravity 
plus two scalar fields minimally coupled with the geometry. 

We can conclude that the interpretation of the radion field in the two brane scenario can 
be generalized to a three-brane scenario in which there exists an additional scalar degree 
of freedom. In the two brane case the realization at first order of the non-local Einstein 
gravity, with the generalized dark radiation term, as a local effective theory is described by 
the radion field which appears in the equations through its derivatives. In the three brane 
case, as in the case where a scalar bulk field is living in the bulk fl9[ [20] , two scalar fields 
both contribute to the realization of the (local) effective theory on the brane. 

A moving bulk brane of the sort described here was discussed as a simple realisation of 
the original ekpyrotic scenario [TU] where the collision of the bulk brane with a Minkowski 
boundary brane was interpreted as initiating a hot big bang cosmology on the brane. (A 
moving bulk brane has also been studied in M-theory effective action [21].) Unlike the 
collision of two boundary branes in the later cyclic model [22], the bulk spacetime does not 
disappear at the collision of a bulk brane with the boundary and hence the outgoing state is 
completely determined by the incoming state [T7j. If the boundary brane tension does not 
obey the RS fine-tuning f 1 1.1 1) then it may be inflating before the collision and the possibility 
that a collision of the bulk brane with the boundary may trigger the end of inflation was 
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studied in Ref. [H], using the effective action derived in this paper. It remains to be seen 
whether the techniques described in this paper might be suitable for deriving a low-energy 
effective action capable of incorporating the gravitational back-reaction of moving branes in 
flux-compactification scenarios, see, e.g., Refs. [T3| [23]. 
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